Abstract -This paper describes the calculation of torqueina brushless permanent-magnet line-start a.c. motor by means of the ~~U X -M M F diagram in combination with the finite-element method. Results are compared with measured ~~UX-MMF diagrams, with shaft torque measurements, and with torque calculated using the classical phasor diagram.
I. INTRODUCTION The interior permanent-magnet motor (IPM) is a hybrid permanent-magnet/reluctance synchronous brushless motor that is being developed for several applications such as servo motors, elevator drive motors, and electric vehicle traction motors, [l-6,10,12]. Linestart IPM motors are also used for compressors and other applications requiring a highefficiency alternative to the induction motor; these are often capacitor motors fed from a single phase supply, as is the motor in Fig. 1, [8] . In many cases the windings are not sinedistributed and the current and EMF waveforms may be non-sinusoidal.
Saturation of the magnetic circuit is particularly complex in these motors: different sections of the machine saturate independently, causing large and sometimes timevarying changes in equivalentcircuit parameters such as inductances and EMF. Unfortunately these are the parameters used in classical methods for calculating torque, current, and voltage.
It therefore becomes unclear to what extent it is safe to rely on classical methods based on equivalent circuits and (in the case of sinewave machines) on phasors and dq-axis theory.
The finiteelement methodiscapable of calculating the electromagnetic behavior, but it is rather slow, and it has no apriori relationship with the classical theory of operation of the machine. Many estimates of the "saturated value" of Xd tacilty assume that E is constant. For example, in finiteelement analysis the permeability in every element of the mesh may be "frozen" at the opencircuit value: the additional flux-linkage due to stator current is computed with these permeabilities, and its ratio to the current that is causing it is taken as a measure of the synchronous inductance.
No matter whether the total flux-linkage is used to derive "total inductance", or whether the additional flux-linkage is used to define "incremental inductance", the process of freezing permeabilities is arbitrary, and can lead to confusion as to which value should be used in equations such as (1) . Difticulties can arise in the interpretation of the results of this method, such as discontinuities in the graph of Xd vs. Id when Id changes from positive to negative; (see Fig. 13 ).
Equation (2) Fig. 3(a) . In a brushless motor with squarewave current drive and trapezoidal EMF, the diagram is composed approximately of two parallelograms as in Fig. 3(b) .
If the phases are balanced, the average electromagnetic torque is derivedfrom thevariation of co-energy with rotor position over one cycle: The torque equation (2) is a special case of (5) in which W is the area of the ellipse whose dimensions in the current and flux-linkage axes are defmed by I and F' respectively. The simplicity of (2) follows from the simple elliptical shape of Fig. 3(a) . In classical theory the timewaveforms of fluxlinkage and current are expressed by (6) with phase angles and amplitudes as in Fig. 2 
i(of)
where is derived from the phasor diagram using relationships such as (4). Then the f l u x -w diagram follows directly in a plot of q vs. i.
In the finiteelement method, the waveform i(of) is applied to the conductor distribution at each of a series of rotor positions such as the one shown in Examples of y-i diagrams obtained by both methods are compared with test data in Section JII. E. Extrmting E, X, a n d X , J i -o m f i n i t t data The measured open-circuit EMF waveform of the main phase at 1,OOO rpm is shown in Fig. 9 , together with its fundamental component, E = 38.9 V rms.
The test motor has no skew, so the EMF shows considerable ripplearisingfrom the slottingon both the rotor and the stator. The open-circuit flux distribution in the airgap is far from sinusoidal, as shown by the finiteelement calculation in Fig. 5 .
It is very important to measure or estimate the magnet temperature at every test point, so that the correct remanent flux-density can be used in calculations. The Same is true of the winding temperature, so that the phase resistances can be correctly calculated. Fig. 11 shows the toraue vs. v over a ranm from ~ ~~
IV. TEST R!XWLTS

A. Measured Flux-MMF Diagram
-4wto +W, with consiant c-nt of 2 A peak at IO00 rpm. This current is close to the safe maximum Fig. 10 shows the flux-m~ diagram at a typical test point, with a sinusoidal current of 2.0 A @e&) at an angle y = 4 0 " meaning that the current phasor leads the EMF uhasor bv 40". of the motor. Close agreement is obtained between torque values from the i-Q loops obtained by direct measurement and fiiiteelement calculation, over the whole range. The shaft torque is about 0.1 Nm The torque calculated by (5) from the loop areas in Fig. 10 is 1.30 Nm. This includes the contributions from both the main and auxiliary phases, which are almost equal. Also shown is the i-Q loop computed by the finiteelement method without end-turn leakage correction. Without this correction the measured and calculated loops differ slightly, and further deviations arise from the PWM harmonics in the measured loops. However, the loop areas are remarkably close. The discontinuity at Id = 0 was mentioned earlier in connection with the "frozen permeability" method. It can be attributed to an error or variation AE from the open-circuit value E,:
I f E is assumed constant and equal to E,, the value of Xd that will be inferred by using only the first term of (11) is in error by AE/Id, which is indefinite when Id = 0.' Evidently the effect of cross-saturation is that E depends on the current components 1 , and I, as do Xd and Xs. 
V. CONCLUSION
